Additional file 5. The case of markers in Linkage disequilibrium

Principles

The objective is to derive E[x ;X X1 Xim] in the situation of LD. As in Supplementary Material 1,
we use Xim = Gims + Jima Where gims and gimgq are the “values” of the alleles transmitted to
individual i by its father and its dam, with g;pmr and gimq = (0 o1 1) — p,,. Equivalent terms are
defined for x; , X¢ and Xj;.

E[xclxcmXilXim] = z z z z E[gclsgcmtgilugimv]
se{f,d} te{f,d} ue{f,d} ve{f,d}

The random variable M, is the allele individual c received from s at locus I. M ¢, My, and My,
are defined similarly. More generally, My and are the locus [ allele individual a received from its
father and M,,;, , from its dam.

Four types of g = (gc1s) Gemer G, Jimp) VeCtors are encountered
T’ s=tand u=v
TV :s=tand u#v
wilis#Etand u=v
ThY:s+tand u+v

As each of the indices s, t, u, v may be for d, a total of 16 different g vectors are possible.

In type 1, both alleles (belonging to locus m and l) of each couple of locus (one for ¢ and one for i)
are on the same chromosome (may be from the two fathers, the two dams, c¢’s father and i’s dam or
i‘s father and c’s dam).

In type 2, both alleles (belonging to locus m and l) of the candidate c are on the same chromosome,
while alleles of the reference i are not on the same chromosome.

Type 3 is the reverse from type 2.
In type 4, alleles of locus m and [ of both individuals ¢ and i are on different chromosomes.

For each of these situations, we consider the IBD status between alleles at locus m on chromosomes
ct and iv, and at locus [ on chromosomes cs and iu.

We may have

Smi = { M¢mi = My, and Mg = My, } with a probability ¢3St
St = { Mgt = My, and Mg My, } with a probability @3t
St = { Meme E My, and Mg = My, } with a probability 37

St = { Meme E My, and Mg # My, } with a probability 37



The computation of the probability ¢3“” depends on the type of g -vector.

stuv

E[gclsgcmtgilugimv] = z Pk E[gclsgcmtgilugimvlgk]
ke{mlmimlmi}

ExPeCtations E [gclsgcmtgilugimv |Sk]

Let pas = (1 = pp)(X = p) + Bim s Pap = (1= Pm)P1 = Dim 5 Ppa = Pm(1 = p1) — Ay and
Pee = PmDP1 + Ayn - Under Sy, only 4 genotypes vectors are possible :

prOb[gclsgcmtgilugimv|‘Sml]
My Mepe My My, | s=tand u=v s=tand u#v s#*tandu=v s#*tand u#v Jets9eme JinuJimp
A An A Ap DPaa Paa DPaa A-p)1—p) pmpl
A By, A B, PBa PBa PBa pm(1—p) pi(1—pp)?
B, An B, Am Pas Pas PaB 1 - pw)p; pa(1—p)?
B, By B, By PeB PeB PeB PmDi (1 =p)* = pp)?

The expectation follows:

E[gclsgcmtgilugimv |Sml]

s=tand u=v | (1 —pp)(1 — p)Pmp + D (1 — 2p) (1 — 2p)
s=tand u#v | (1 —pp)(1 —p)ompr + Aim(1 — 2p)(A — 2pp)
s#tand u=v | (1 —pp)(1 —p)ompr + Aim(1 — 2p) (1 — 2pp,)
s#tand u #v (1 =)A= p)DPmp:

For other IBD status (S, Smi, Smy), it must be noted that all expectations of the product
JetsGeme JiuJimy are nullin- g-types different from T;%;7. For instance , given R = {Sp,1; S =

tand u # 17}, E[gclsgcmtgilugimvlge] = E[gclsgcmtgilu X E[gimvlﬂ' YIcis gcmt'gilu]lje]-

But E[gimu R 9eisr Gemer Gitul = Elgimwv] = 0 (the variable g;,,,, is independent on the other g
under R).

Genotypes Genotypes probability for IBD status: Value of

Mcls Mcmt Milu Mimv “Sml Sml Sm% YcisIemieGiuGimv
A An A Am | pad?/l=pml  pad®/[1—pd pad® Phbi
A Am A Bn 0 PaaPpa/[1 = D]  Daalpa _plzpm(l — Pm)
A Apn B, Ay | PaaPag/[1 = ppl 0 PaaPar —papi(1—pp)
A An B By 0 0 PaaPss | Pm(1 —pm)pi(1 —pp)
A Bn A A 0 PaPaa/[1—1] Dpabaa _plzpm(l —Pm)
A, Bn A Bn Pa’/Pm pea’/I1=p] DA’ pi (1 = pm)?
A Bn B Ap 0 0 PpaPas | Pm(1 —pm)pi(1 —pp)
A B, B, Bn PeaPBB/Pm 0 Ppabes | —(1 —pm)’pi(1—pp)
B, Am A Ay | PaPaa/[1— Pl 0 PaBPaa —papi(1—pp)
B, Am A B 0 0 PapPpa | Pm(1 — pm)i(1 — D))
B, An B Ay Pa®/[1 = pm] Pag’/Di Pag’ Pm(1—pp)?
B, Am B, B 0 PapPee/ D1 PasPes | —(1 = p)?Pm(1 — pn)
B, B, A Am 0 0 PePas | Pm(1 —Pm)Di(1 — D))
B, B, A B PeEPBA/Pm 0 PeePea | —(1 —p)?mi(1 — D)
B, B, B, Am 0 PeePaB/ D1 PesPag | —(1 = p)?*Pm(1 — pr)
B, B, B By Pes’/Pm Pes’/P1 Pes’ (A —p)*(1 = pw)?




ElgcisIemeJindimvls = t and u = v]
Smi A12m X [prgn + (1 - pm)3]/[pm(1 - pm]
Swi | Afn X [PP + (1= p)?]/[p(1 - pl]
St Afm X (1 = 2p;) (1 — 2p))

Assembling all elements we get

ElxcxemXuXim] = [(1 = pm) (X — 2DPmP1 + A (1 — 20) (1 = 20,)1[(Zsetr.a) Deetr.a) Duets.ay Zvetr,a} Por”) —
dafd dd affd ard

@h + oli™ + ogt Tt + o] +

Ay Ysetr.ay Zue{f,d}[q’frfl}m X [pim + (1= pn)*1/[Pm(1 = p] + @™ X [P13 +(1- Pl)3]/[Pz(1 —pd + ot X

(1 - 2pyn)(1 —2p)]

Probabilities of IBD status S

We are interested in genes at loci [ and m individuals i and ¢ received from specific parents denoted
by sandu ortandv.

The probability p( Mg = Mipmy,) = @8 (resp. p( My = My,,) = @i*) equals the coancestry
coefficient between t and v (resp. s and u ). It is estimated the usual way.

stuv _

We only need to develop @351 = p(Sm1) = P(Mepme = My and Mgz = My,,). Indeed, the other
terms are given by:

407513“2 = p(Mcmt = Mimv) - p(Mcmt = Mimv and Mcls = Milu) = §07tr1lj - frﬂw
(qurﬁw =p(Mys = M) — p(Meme = My, and Mys = My,,) = @7 — (pf,ﬂw
Omi” = 1= (omi” + ol + omi™) = 1= (om + ") + ot

We first examine the situation of a single locus (say l). Given the pedigree, different genealogical
chains linking ¢ and i are often possible. They will be indexed pl = 1--- Nl,, (and pm =

1--- Nm,when considering the m locus). A chain is characterized by a shared ancestor a,; and
consists of two subchains (pl; and pl;) linking a,,; to c and to i . In graph theory, these subchains
are made of edges with nodes (the individuals) linked by arcs (characterizing transmission events).
Subchain pl. (resp. pl;) comprises one and only one parent of ¢ (resp. i). The ancestor may be c or i
themselves, in which case the chain is extended to one parent on this ancestor. The lengths
(numbers of generations) of the pl. and pl; subchains will be noted Na,c and Ng,i- We will note

a= {al, agy - anaplc—l} and § = {[31, Bo -+ ﬁnapli_l} the lists of intermediate individuals belonging
to pl. = {c,a,a,;} and pl; = {i, B, ap;}. We are interested in the ancestor allele Mg, w1 shared by

individuals ¢ and to i . Genders (for d) of individual w will be noted G (w).

The IBD status M.;; = M;;,, occurs if the allele at locus [ carried by chromosomes transmitted by s to
¢ and transmitted by u to i both come from the same ancestor allele carried by a,,; : M5 = My, if

s =G(ay) and u = G(B,)
Meas = M“1l§(a2) = Mazlg(“3) = M"-plW and My, = Mﬁllg(ﬁz) = Mﬁzlg(ﬁ3) = MﬂpllWl withwl = f ord



In other words the Mapllwl allele was transmitted :

e along the pl. subchain to c via s (event 711)1,:,w1 = {Mcls = Mo i6(ay) = Ma,ig(as) " = Maplw}
and

e along the pl; subchain to i via u (event 7Zl,ll.’wl = {Ml-lu = Mgp.i68,) = Mp,igp,) = Mapllwl}

prOb(gzlalC,wl) = prob(Mg;s = M(xllg(az) )prOb(Mallg(az) = Mazlg(a3) |Mcis = Mallg(az) )

Transmissions events between generations being independent, for a single locus (I in the current
1Ma 1Ma

example), prob(ﬂélowl == Pl and prob(ﬂll,lijwl =z pit,
It must be noted that pl. and pl; may share edges. In these situations prob(?,lglc_wl n Jrl,li’wl) =
prob (jzlalc,wl)pr()b(jzlali,wlIjélc,wl) * prob(ﬂzl,lc,wl)prob(ﬂi,lbwl): If ng edges belong to both pl. and

pli, prob(Tpy, wilTpiwi) = epti ™™ Thus p(Megs = Myy|plwl) = %na”’ﬁna”’i_ns

T2

As there is two possible ancestral alleles (Mapllwl with wl = f or d) shared by chromosomes
transmitted by s to ¢ and transmitted by u to i, we finally get the classical p(M, ;3 = M, |pl) =

i—1— - . . :
%nal’lﬁnap” "s_IBD status M, = Mj;,, due to the transmission by the different possible chains

1naplc+napli_1_ns

being exclusive, the unconditional probability is p(M¢s = Myy,) = Ypi5

When considering both loci [ and m simultaneously, all possible pairs (pl, pm) of genealogical chains
and parental origins of ancestor alleles linking ¢ and i must be examined.

qoﬁrﬂ“] = p(Mcmt = Mimv and Mcls = Milu) = Z Z p(Mcmt = Mimv and Mcls = Milulpl' Wl' pm, Wm)

plLwl pmwm

qofrﬂ“] = Z z p( Mcls = Milulpl' Wl)p( Mcmt = Mimvl Mcls = Milu' pl' Wl' pm, Wm)
plLwl pm,wm
Previous definitions are extended to pm chain: to pm corresponds ancestor a,,, vectorsy and §
are counterparts of @ and 8 and events Jp5, wm and Jpz,. wm Of events 7ézc,wzand ﬂzl,lilwl. We have
Mcmt = Mimv if
{ t =6(,) andv = G(6,)

Meme = My,mgir) = My,mgrs) = = Mayumw a0d Miy = M mg(s,) = Msymg(sy) =+ = Maymw Withw = ford

— _ l l
P(Meme = M| Moys = My, pl,wl,pm,wm) = p (f];nmc,wm N j;nmi,wmwplc,wl N -7pli,wl)

The pm chain may be partially confounded with pl chain: an edge (Y, Yx+1) from pm may or not be
presentin pl. If not, prob(My, mG(y,.) = My, imGiss) |7},lwwl n ﬂf,lirwl) =1/2 . f (Vi Vis1) =
(ap, @p41) is both in pm and pl, the probability simplifies to

Prob(My,mg(yicsn) = MypaimGrics2) |M“hl§(a’h+1) = Moy,16(ans) ) In this case, either yy,, =
Q4o (alleles at locus [ and m transmitted by y;.1 = a1 t0 ¥ = ap were on the same grand
parental chromosome), giving

pTOb(MVkmg(Vkﬂ) = M)’k+1mg(yk+2) |Mahlg(ah+1) = Mah+1lg(“h+z)) =1 —=Tmy, O Vir2 # Apyz,

giving prOb(MYkmg(Ykﬂ) = My, mGyiesa) |Ma’hl§(ah+1) = Ma’h+1lg(a’h+z)) = Tmi-



Computing @3, all types of g = (gcls, Jemts gilu,gimv) vectors must be considered

(TH2Y, TXTY, TV, TX7%P) for all combination of pl and pm chains.
Examples
A. iandcareunrelated

In this case, probability ¢;5;** = 1 is the only non null, and the expectation turns to be:

E[xclxcmXilXim] = 4Alzm(1 - 2pm)(1 - 2pl)

B. iisoneof c's parents

Two chains are possible: p; = a, — i - candp, = a,, > > cwitha, anda,, , parentsofias

ancestors. Here Na,ic = 2,nap1i =1,n, =1.
a. landm genes on the same chromosome in ¢ and i (T;%7")
Non null probabilities are
p( M5 = My, |pl,wl) = % if G({) =s andG(ay) =u; Ywl=f ordand Vpl = p; orp,
P(Mems = My |Meys = My, pLwl,pm,wm) = (1 — 1) if G(D) = 5,G(ap) = u; pl = pm, wl = wm

p(McmS = MimulMcls = Milu'plel:pmv Wm) = rml(l - rml) lf g(l) = Srg(apl) =u, pl =pm, wl = wm

. 1 1 1-rp,
Finally, qoﬁrf}lu = ZplZ ((1 - rml)z + rml(l - rml)) = ZplZ(l - rml) = 2 l

ssuu _ "ml, ssuu _ 'ml , _ssuu _ 1=Tml
Pmi _fopml T Vw7,

b. land m genes on the same chromosome in ¢, on two chromosomes in i (T;%77)

p( My = My, |pl,wl) = % if G({) =s andG(ay) =u; Ywl=f ordand Vpl = p; orp,

P(Mems = Muny|Meys = My, L, wl,pm,wm) = p (Mcms = Mimg(apm) |Meys = Milg(apl) ) p (Mimg(apm) =
Mapmmwm) = %Tml if (i) = s,g(am) = u,g(apm) =v; pl # pm, wl # wm. Indeed, asu # v, (1)
either pl = p; and pm = p,, or pl = p, and pm = p,; and(2) eitherwl = fandwm = d, or

wl= dandwm = f

1 T
. Ssuv _ 1 _Tml
Finally, @mi” = YpiwigTm =

ssuv _ 1=Tmi, ssuv _ 1=Tml | ssuv _ Tml
(pmé_zfml_zlm-L_z

c. landm genes are on two chromosomes in ¢ (T4 or TX7Y

In these cases p( M = Mipu|Mas = My, L, wl, pm, wm) = 0 since parent i cannot be both c sire and
dam.



stuu _ . ,Stuu L. stuu _ 1 | stuu _
Omi =0, 0m =5 Pml =5 P =0

stuv _ . Stuv _ 1. stuv _ 1 . stuv _
Pmi —O,QDm; _E/(Pml _Er§0m% =0

Using these probabilities, the expectation turns to be:

in+(1-pm)® | pi+A-p)°?
ElteiXom X Xim] = (1= Pr) (L = POPmP1 + B (1 = 29)(1 = 2pye) + 23 [y (PEEG20mE 4 PLEPL)

(1 = 1) (1 = 20) (1 = 2p))]

When there is no linkage disequilibrium, E[x¢x:mXiXim] = (1 — pm) (1 — 0D PP = 40%012a§i as

expected.
C. iandc hadthe same sire

Only one genealogical chain links i and ¢ with subchains p. = a, - ¢ and p; = a, — i with a,, their
sire. Hereng o = ng ; = 1,ng = 0. Non null probabilities are obtained only when [ and m genes on

the same chromosome in c and (T3¥7"), andwhens =u = f = g(ap). In this case we have:

1
p(Mcls = My lp,wl) = p( My = Maplwl & My, = Maplwl lp,wl) = : vwl = f ord

P( Mcms = MimulMcls = Milw b, Wl,Wm) = P( Mcms = Mapmwml Mcls = Maplwl b, Wl' Wm)P( Mimu = Mapmwml Milu =

Moo p,whwm) = (1 —rp)? i wl=wm, r2, if wl#wm

Finally, @5t =2 ((1 = ) +7,) = @3 and Q3™ = P3I™ = T (1= Tyu0)
_ Q-rm)?+riy 2
E[xclxcmXilXim] - 5 [(1 - pm)(l - pl)pmpl + (Alm + Alm)(1 - Zpl)(l - zpm)] + rml(l -

S+ (-pm)® | Pi+-p)®
r A2 (pm+( Pm i )
mt) A Pm(1~Pm) pi(1-p)




